We present a magnetohydrodynamic (MHD) simulation technique with a new non-oscillatory and conservative interpolation scheme. Several high-resolution and stable numerical schemes have recently been proposed for solving the MHD equations. To apply the CIP scheme to the hydrodynamic equations, we need to add a certain diffusion term to suppress numerical oscillations at discontinuities. Although the TVD schemes can automatically avoid numerical oscillations, they are not appropriate for profiles with a local maximum or minimum, such as waves. To deal with the above problems, we implement a new non-oscillatory and conservative interpolation scheme in MHD simulations. Several numerical tests are carried out in order to compare our scheme with other recent high-resolution schemes. The numerical tests suggest that the present scheme can follow long-term evolution of both Alfvén waves and compressive shocks. The present scheme has been used for a numerical modeling of Alfvén waves in the solar wind, in which sinusoidal Alfvén waves decay into compressive sound waves that steepen into shocks.
Introduction
Magnetohydrodynamic (MHD) simulation techniques are widely used to study various global and macroscopic phenomena in plasmas. It is important to develop accurate, efficient, stable, and robust numerical schemes for the MHD simulations. In the laboratory, astrophysical, and space plasmas often appear as high-speed flows that form shocks and discontinuities. Standard numerical schemes, such as the Lax-Wendroff scheme, generate spurious oscillations in a steep profile and therefore need additional numerical diffusion terms, such as artificial viscosity, to capture shocks and discontinuities.
Several Roe-type Riemann solvers have been developed to obtain more accurate numerical solutions of the MHD equations (Roe, 1981; Brio and Wu, 1988; Dai and Woodward, 1994; Ryu and Jones, 1995) . Although those Riemann solvers are much more complicated than simple finite difference methods, they are widely used because of their stability. Miyoshi and Kusano (2005) recently developed the Harten-Lax-van Leer Discontinuities (HLLD) approximate Riemann solver for the MHD equations. The HLLD Riemann solver has the advantages of positivity preserving and accuracy in comparison with the linearized Riemann solver while keeping the latter's robustness.
The high-resolution upwind schemes based on the To-and TVD schemes in Vlasov simulations (Umeda et al., 2006; Umeda, 2008) . We report here our attempt to implement the nonoscillatory scheme to develop a new MHD simulation code. The original non-oscillatory scheme is designed for the linear advection equation in which an advection velocity is constant (Umeda, 2008) . Thus, we first extend the non-oscillatory scheme to the general advection equation. The extended non-oscillatory scheme is then applied to the MHD equations in a manner quite similar to the CIP-MOCCT scheme, whereas we use the conservative forms of the MHD equations. To solve the induction equation and magnetic stress, we adopt the MOCCT scheme. In the MOCCT scheme, the van Leer interpolation (van Leer, 1974 (van Leer, , 1977 has been generally used to interpolate the magnetic field and velocity to suppress numerical oscillations at discontinuities. As an alternative to the van Leer interpolation, we also use the non-oscillatory interpolation and examine their differences. We compare our schemes with other recent numerical schemes by test simulations.
The organization of the paper is as follows. We describe our new scheme for MHD equations in Section 2. We also briefly introduce the non-oscillatory scheme and MOCCT scheme in this section. In Section 3, we show results of one-dimensional test runs. A summary and discussion of this paper are given in Section 4.
Numerical Method

Basic equations
We assume a 1.5-dimensional system along a uniform ambient magnetic field in which all quantities depend only on x. We solve the following set of the ideal MHD equations in a conservative form
where
represents the total energy, and ρ, p, v x , v y , B x , B y , E z , μ 0 , and γ represent the density, pressure, velocity components in the x and y directions, magnetic field components in the x and y directions, electric field component in the z direction, magnetic permeability in vacuum, and the ratio of specific heats, respectively. Here the momentum components in the x and y directions are defined as M x ≡ ρv x and M y ≡ ρv y , respectively. The magnetic field B x is constant in time and space due to the ∇ · B = 0 constraint. We ne- glected the z component of the velocity and magnetic field in basic equations for simplicity. We define full-integer grids at i x (i = 1, 2, 3, · · · , N ) and half-integer grids at (i + 1/2) x. The quantities ρ, p, e, v y , M y , and B y are defined at the full-integer grids, while v x , M x , B x , and E z are defined at the half-integer grids, as shown in Fig. 1 .
To apply the non-oscillatory and MOCCT schemes, we define the left-hand side of Eqs. (1)-(4) as "advection phase", and the right-hand side of Eqs. (2)- (4) as "nonadvection phase". The advection phase is solved with the non-oscillatory scheme, while the non-advection phase is separately solved with other schemes.
Non-oscillatory and conservative scheme
Here we briefly review the non-oscillatory scheme and extend it for a general advection equation. We consider the following generalized one-dimensional advection equation
where f , g, and v are functions of x and t. A solution of Eq. (8) in the conservative form is written as
where U i+ , where t and x are a constant time step and a constant grid spacing, respectively. We assume that the advection velocity is constant in short spatial and time scales (i.e., x and t) so that we can apply the scheme to Eq. (9).
The numerical flux of the third-order upwind-biased Lagrange polynomial interpolation is easily obtained by the following constraints, U i+
In the nonoscillatory scheme (Umeda, 2008) , a flux limiter/slope corrector is introduced into the third-order upwind-biased Lagrange polynomial in order to suppress the generation new extrema, i.e., local maximum or minimum. Thus, the numerical flux of the non-oscillatory scheme is given as
are a non-oscillatory flux limiter with
and
Note that the minimum principle switches to
if we need to preserve positivity. The basic concept of the non-oscillatory scheme is to capture the shape of a profile by detecting a local maximum g max or minimum g min of a piecewise interpolant. When a profile is continuous so that can be interpolated by the third-order polynomial without the non-oscillatory scheme, it switches to the Lagrange polynomial interpolation. When a profile has a discontinuity, the gradient (slope) of the interpolant is corrected so that the piecewise interpolant does not generate inadequate extrema.
In this paper we define a conservation equation (9) as a following non-oscillatory operator,
Note that numerical fluxes U i± . When a profile is defined at a half-integer grid such as g i+
, we need advection velocities at a full-integer grid v i and v i+1 to compute numerical fluxes at a full-integer grid U i and U i+1 in the operator Eq. (10). Since an advection velocity is not defined at a full-integer grid, we evaluate
as follows (e.g., Hirsch, 1990) ,
(11) Figure 2 shows the above four patterns of diagrams for computation of numerical flux U i (ν i ) with Eq. (11). (11)).
The method of characteristics
The MOC provides the time-advanced transverse velocity v y,i+ 1 2 and magnetic field B y,i+
. Assuming that the fluid is incompressible in which ρ and v x are constant, Eqs. (3), (5), and (6) can be reduced to the following Alfvén characteristic equations
where 
We compute A +,t+
solving the advection equation (13) with the following simple interpolation,
with the van Leer limiter (van Leer, 1974 (van Leer, , 1977 )
We also compute A −,t+
by solving Eq. (12) for the characteristic C + in the same way. The van Leer interpolation described above has been used for the MOCCT (Hawley and Stone, 1995; Kudoh and Shibata, 1997 
The difference between the van Leer interpolation Eq. (16) and the non-oscillatory interpolation Eq. (18) will be examined by numerical tests in Section 3. In this paper we define the following MOC operator for simplicity
Time step chart
The physical quantities in Eqs. (1)- (5) are advanced in time based on the sequences shown in Fig. 3 . The time step chart of the present scheme is similar to that of the CIP-MOCCT scheme (Kudoh and Shibata, 1997) . 1) We solve the non-advection phase in Eqs. (3) and (4), i.e., the terms associated with the magnetic stress. We compute the time-advanced transverse velocityṽ y,i+ with the MOC.
It should be noted that v x is set to be 0 in the MOC operator, which means that the characteristic velocity does not include the advection velocity. This is because the advection phase of the momentum equation is separately solved with the non-oscillatory scheme. 2) The non-advection phase of Eq. (2), i.e., the gas and magnetic pressure term, is solved with the nonoscillatory interpolation. We estimate the gas and magnetic pressure term at half-integer grids. The pressure gradient at the half-integer grids is then computed by directly differentiating them with the nonoscillatory operator as follows:
The time-advanced value of the longitudinal momentum M * x,i+ 1 2 associated with the non-advection phase is given by
Here we applied the Euler time-integration scheme in which M x is advanced in a conservative form.
3) We solve the advection phase of Eqs.
(1), (2), and (3) with the non-oscillatory scheme. is computed with the non-oscillatory interpolation, i.e.,
We then obtain v x at t + t as 
Note that we use values of v x at t + t as the advection velocity. This is to obtain a more desirable result of the MHD shock tube problem shown in Section 3. 6) We solve the induction equation (5) 
We next compute electro-motive forceε i+ 1 2 , which is necessary for the CT scheme (Hawley and Stone, 1995 
Here we use Eq. (7) to convert energy to pressure. Note thatv
is computed with the non-oscillatory operator, i.e.,
Numerical Tests
Linear Alfvén waves
We present here the results of the propagation of a sinusoidal linear Alfvén wave as an example. We use 400 grid points, and the grid size x is taken to be 1. Periodic boundary conditions are used. As an initial condition, we set ρ = 1, p = 0.15, v x = 0, γ = 5/3, B x = 1, B y = δ B cos(kx), and v y = −B y / √ ρ, with k = 2π m/L where L, m, and δ B represent the system length, mode number, and magnetic field amplitude of Alfvén waves, respectively. We set m = 2 and δ B = 0.001B x . The time step interval t is decided so that a CFL number is equal to 0.2. Figure 4 shows the profile of B y at t = 10T where T represents a traveling time over a system length at an Alfvén speed. We show results of the present scheme with both van Leer interpolation and non-oscillatory interpolation for the MOC, referring to the van Leer interpolation and the non-oscillatory interpolation as "Scheme A" and "Scheme B", respectively. For comparison, we also show results of the CIP-MOCCT scheme (Kudoh and Shibata, 1997) , the second-order Roe-type MUSCL (Monotone Upstreamcentered Scheme for Conservation Laws) scheme (Tanaka, 1994; Fukuda and Hanawa, 1999) , and the second-order HLLD-MUSCL scheme (Miyoshi and Kusano, 2005) .
The results of Scheme A and the CIP-MOCCT scheme show that the profiles tend to be flat-top and flat-bottom as a wave propagates. This shape is not observed with the non-oscillatory scheme nor the CIP scheme in the advection phase but by the van Leer interpolation which maintains monotonicity of a profile when applying the MOC (see Eq. (17)). Scheme B shows no distortion in the profile in comparison with Scheme A. The reason for this is that the non-oscillatory interpolation in the MOC is reduced to a simple third-order Lagrangian interpolation for a smooth profile, such as sinusoidal waves, and extrema of the profile are adequately captured.
On the other hand, the results with the Roe-MUSCL and the HLLD-MUSCL schemes show a considerable distortion of the profile, especially near extrema, because the minmod limiter (e.g., Hirsch, 1990) used in the MUSCL scheme makes a profile rectangular. 
MHD shock tube
The results of MHD shock tube problems are presented (Brio and Wu, 1988) . We use 400 grid points, and the grid size x is taken to be 1. The ratio of specific heats γ is set to be 5/3. As an initial condition, we set ρ = 1.0, p = 1.0, B y = 1, B x = 0.75 for x < 0, and ρ = 0.125, p = 0.1, B y = −1, B x = 0.75 for x > 0. The time step interval t is chosen so that a CFL number is equal to 0.2. The profiles of ρ, v x , v y , and B y at t = 40 are shown in Fig. 5 . The results of several schemes are shown which are the same as those for tests of sinusoidal Alfvén waves.
We found that the fast rarefaction waves (FR), slow compound wave (SM), contact discontinuity (CD), and slow shock (SS) are well resolved with Scheme A. This result shows good quantitative agreement with those of other schemes (Brio and Wu, 1988; Dai and Woodward, 1994) .
The result with Scheme A is generally similar to that observed with the CIP-MOCCT scheme in the following aspects. We observed a small distortion in the velocity and magnetic field profile at the forward propagating fast rarefaction wave. At the contact discontinuity, the density profile also has overshoot and undershoot. These aspects imply that the overshoot and undershoot are due to the third-order interpolant used in the non-oscillatory and the CIP schemes. Scheme A requires a few more grid points than the CIP-MOCCT scheme to capture the contact discontinuity. It is noted that the present scheme does not use any additional numerical diffusion term in basic equations, unlike the CIP-MOCCT scheme.
On the other hand, Scheme B shows overshoot at the slow shock and considerable oscillations between the slow shock and the fast rarefaction waves. We found that these oscillations were generated at the slow shock and that they propagated to the right. Scheme B needs more improvement to solve discontinuities although this scheme can produce accurate solutions for continuous Alfvén waves, as shown in the previous section.
In contrast, the Roe-MUSCL and the HLLD-MUSCL schemes give better results without overshoot and undershoot although the contact discontinuity somewhat diffuses, primarily because the TVD schemes are well-designed for capturing shocks and discontinuities by enforcing monotonicity. It should be noted that the numerical procedure of the HLLD-MUSCL scheme is much simpler than that of the Roe-MUSCL scheme (Miyoshi and Kusano, 2005) .
Summary and Discussion
We have presented a new numerical scheme for solving MHD equations by applying a non-oscillatory and conservative scheme (Umeda, 2008) to the advection terms and pressure gradient terms. To solve the magnetic stress and induction aspects, we used the MOCCT scheme (Hawley and Stone, 1995) . In the MOC, we adopted the van Leer interpolation and the non-oscillatory interpolation. We performed test simulations of sinusoidal Alfvén waves and the MHD shock tube to compare our schemes with recent high-resolution schemes, such as the CIP-MOCCT, Roe-MUSCL, and HLLD-MUSCL.
The combination of the non-oscillatory scheme for the advection phase and the van Leer interpolation for the nonadvection phase gives small undershoot and overshoot at the slow shock and fast rarefaction waves in the MHD shock tube test. We observed small flattening at the extrema of profiles in the results of sinusoidal Alfvén waves that is caused by the van Leer limiter in the MOC. The results of the CIP-MOCCT scheme are generally similar to those of the present scheme.
The numerical procedures of these two schemes are similar in which the advection phase and non-advection phase are separately solved with the MOCCT scheme. However, in comparison with the CIP-MOCCT scheme, the present scheme has a number of advantages in that it (1) suppresses numerical oscillations without an additional diffusion term; (2) solves the MHD equations in the conservative form; (3) preserves positivity for the density; (4) does not need additional computer memory to store partial derivatives or integrals of the profile. Note that the CIP-type scheme can suppress numerical oscillations by using a rational interpolant instead of a cubic polynomial interpolant (rational-CIP) (Xiao et al., 1996) . However, the rational-CIP scheme is not conservative nor necessarily non-oscillatory in twoand three-dimensional systems. Although there are also conservative CIP schemes (Yabe et al., 2001) , these require much more computer memory than our scheme, especially in two and three dimensions. The TVD schemes (Roe-MUSCL and HLLD-MUSCL schemes) can suppress numerical oscillations by automatically controlling a numerical diffusion. However, the results of the sinusoidal wave propagation shows that the TVD scheme tends to make considerable distortions near extrema of the profile due to the MUSCL scheme, while the present scheme and CIP-MOCCT scheme give only small distortions, as shown in Fig. 4 . For profiles with extrema, such as sinusoidal waves, the TVD schemes need many more grid points than the present scheme and CIP-MOCCT scheme.
We also attempted to apply the non-oscillatory interpolation to the MOC as an alternative to the van Leer interpolation (Scheme B). The non-oscillatory interpolation gives an accurate solution for sinusoidal Alfvén waves. However, significant oscillations are observed at the slow shock in the MHD shock tube test. To follow discontinuous transverse waves, further improvement is needed to implement the non-oscillatory interpolation into the MOCCT scheme.
The numerical results suggest that numerical oscillations arise from the non-advection phase. Although the nonoscillatory scheme can suppress the generation of spurious extrema in space, the simple Euler time-integration method used in Eqs. (21), (22), and (24) occasionally overestimates the temporal variation of physical quantities per unit time step. The TVD schemes (Roe-MUSCL and HLLD-MUSCL schemes) commonly use a higher-order Runge-Kutta time-integration method. To check the effect of higher-order time-integration methods, the secondorder (two-step) Runge-Kutta time-integration method and the third-order (three-step) Runge-Kutta time-integration method are implemented into Scheme B. The results are shown in the middle and bottom panels of Fig. 6 . The result with the first-order time-integration (Euler) method is also shown in the top panel of Fig. 6 as a reference. We con- firmed that the use of higher-order time-integration methods can suppress the generation of spurious oscillations arising from the non-advection phase. It should be noted, however, that profiles become rather diffusive with higherorder time-integration methods and that higher-order timeintegration methods require more CPU time. Another reason explaining the presence of numerical oscillations might be the electro-motive force in the CT scheme. In the present method, we do not apply the non-oscillatory interpolation to the induction electric field used in Eq. (33). The centered difference of the induction electric field used in Eq. (33) would be another cause of numerical oscillations. In summary, we implemented a new non-oscillatory, positivity preserving, and conservative scheme into the MHD equations. We adopted the MOCCT scheme to solve the induction equation and magnetic stress. The implementation of the non-oscillatory scheme and MOCCT scheme enables us to follow the long-term evolution of both Alfvén waves and compressive shocks. To avoid numerical oscillations in the discontinuous Alfvén waves, van Leer's limiter is essential for the MOC.
The scheme presented here has been used for a numerical modeling of Alfvén waves in the solar wind (Tanaka et al., 2007) . Monochromatic and circularly polarized Alfvén waves injected from the lower corona are subject to the parametric decay. The sinusoidal Alfvén waves propagating in radially expanding plasmas excite compressive sound waves that steepen into shocks. An accurate solution for the propagation of sinusoidal linear Alfvén waves is needed to obtain the exact growth rate of the parametric decay. The compressive fluctuation also leads to a negative density due to a numerical effect. Thus, it is important to treat both Alfvén waves and shocks. In the present scheme, the MOC follows the evolution of Alfvén waves, while the nonoscillatory scheme suppresses numerical oscillations and preserves density positivity.
Extension of the present scheme to multi-dimensions is left as a future research objective. The non-oscillatory scheme can be applied to advection phases and pressure gradient terms. This approach, which has a simple directional splitting scheme, enables us to obtain reasonable results for numerical tests of multi-dimensional hydrodynamic equations. For the MHD equations, the MOCCT scheme has been extended to multi-dimensions in several schemes (Hawley and Stone, 1995; Kudoh et al., 1998 Kudoh et al., , 1999 . Note that these schemes solve a pressure equation that does not need the MOCCT scheme. In contrast, we solve the energy equation, which does need the MOCCT scheme. Unlike the pressure equation, the energy equation needs timeadvanced velocity and magnetic field, both of which are computed with the MOCCT scheme, as shown in Eq. (22). Thus, we need to develop a technique to solve the energy equation for multi-dimensions.
Distortions of profiles due to the van Leer limiter also need to be resolved. Since the van Leer limiter is essential to solve discontinuous Alfvén waves in the MOC, an alternative method to the MOC may be needed. The nonoscillatory scheme would be implemented into the Riemann solvers, such as the HLLD scheme, as an alternative scheme to TVD schemes.
